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Exercise 1. Let X be a Banach space and assume that {z,}, .y is a sequence that weakly converges
towards z., € X. Show that
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too in the weak topology.

Exercise 2. Let I =]0,1[, & > 0, and {u,}, .y be such that

neN
1
n® forall 0 <z < —
up(z) = 1 "
0 forall — <z < 1.
n

Show that if 1 < p < oo, we have

1
1. u, — 0 strongly in LP(I) if and only if 0 < a < —.
n—o0 p

1
2. up, o 0 weakly in LP(I) if and only if 0 < o < —.

i

Exercise 3. Let I =]0,2n[ and {u,}
x €]0, 2x[. Show that:

nen be such that for all n € N, we have u,(r) = sin(nz) for all

1. For all 1 < p < oo, the sequence {u,} does not strongly converge towards 0 in LP(I).

neN

2. For all 1 < p < oo, the sequence {uy}, .y converge weakly towards 0 in LP(I).
Exercise 4. Let © C R? be an open set and assume that 1 < p < co.

1. Let {un},cn C LP(Q) such that u, — wus € LP(Q) weakly in LP(Q) and let {v,}, oy C LY (Q)
n— oo
such that v, — vs € LP (Q) strongly in LP(Q). Show that
n—oo

UpUp — UsoUs weakly in Ll(Q).
n—oo

Find a counterexample showing that the result need not hold if we assume instead that {v,}
converges weakly.

neN

2. Show that if {u,}, .y € L*(Q) is such that uy, [Tl € L?(Q) weakly in L*(Q) and w2 —

n—oo
u?, € L' (Q) weakly in L'(€2), then we have the strong convergence

Up — Uso in L?(Q).
n—oo

Exercise 5. Let 1 < p < oo and © C R? be a bounded set. Let {f,},cy C LP(Q2) be a bounded

sequence and assume that f,, — f almost everywhere.
n—oo

1. Prove that f,, — f weakly in o(LP, L”/). You can admit that the weak limit and the limit almost
n—oo

everywhere coincide.

2. Now assume that || < co. Show that for all 1 < ¢ < p, we have

nlingo lfn — fHLp(Q) =0
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Exercise 6 (Brezis-Lieb Lemma). Let 1 < p < oo and 2 C R? be a bounded set.
1. Prove that there exists a universal constant C' < oo such that

lla +b|P — [aP = [b]P| < C (|a[P~"[b] + |al[b]P~") for all a,b € R.

2. Let {fu},en C LP(Q2) be a bounded sequence and assume that f, — f almost everywhere.
n—oo
Prove that f € LP(Q2) and that

lim (\fﬂt\fn—pr)dx:/ fPPde.
Q Q

n—oo
Hint: Use the previous question with a = f,, — f and b = f and use the previous exercise.

3. Deduce that if we assume furthermore that anHLp(Q) e ||f||Lp(Q), then

nlggo [ fn — f”L:D(Q) =0.



